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Generalized Invexity and Generalized
Invariant Monotonicity'

X. M. YanG,” X. Q. Yang,” and K. L. Teo*

Communicated by S. Schaible

Abstract. In this paper, several kinds of invariant monotone maps and
generalized invariant monotone maps are introduced. Some examples
are given which show that invariant monotonicity and generalized
invariant monotonicity are proper generalizations of monotonicity and
generalized monotonicity. Relationships between generalized invariant
monotonicity and generalized invexity are established. Our results are
generalizations of those presented by Karamardian and Schaible.
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1. Introduction

Convexity is a common assumption made in mathematical program-
ming. In recent years, there have been increasing attempts to weaken the
convexity condition. Consequently, several classes of (generalized) invex
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functions have been introduced in the literature. More specifically, the con-
cept of invexity was introduced in Ref. 1, where it is shown that the Kuhn-
Tucker conditions are sufficient for (global) optimality of nonlinear pro-
gramming problems under invexity conditions. In Ref. 2, Kaul and Kaur
presented strictly pseudoinvex, pseudoinvex, and quasiinvex functions, and
investigated their applications in nonlinear programming. In Refs. 3-4,
Weir and Mond introduced the concept of preinvex functions and applied
it to the establishment of the sufficient optimality conditions and duality
in (multiobjective) nonlinear programming. In Ref. 5, prepseudoinvex and
prequasiinvex functions were introduced and the relationships between
invexity and generalized convexity were established. In Ref. 6, Mohan and
Neogy showed that, under certain conditions, an invex function is preinvex
and a quasiinvex function is prequasiinvex. More recently, characterizations
and applications of preinvex functions, semistrictly preinvex functions, pre-
quasiinvex functions, and semistrictly prequasiinvex functions were studied
in Refs. 7-9.

A concept closely related to the convexity of a real-valued function is
the monotonicity of a vector-valued function. It is well known that the
convexity of a real-valued function is equivalent to the monotonicity of the
corresponding gradient function. It is worth noting that monotonicity has
played a very important role in the study of the existence and solution
methods of variational inequality problems. An important breakthrough
generalization of this relation was given in Ref. 10 for various pseudo/
quasiconvexities and pseudo/quasimonotonicities. Subsequently, there has
been increasing interest in the study of monotonicity and generalized mono-
tonicity and of their relationships to convexity and generalized convexity;
see Refs. 11-13. On the other hand, some relationships between generalized
invexity and generalized invariant monotonicity were given in Refs. 14—
15 under certain conditions. In particular, the existence of solutions to the
variational-like inequality problem was proven under generalized invariant
monotonicity in Ref. 15.

In this paper, we study generalized invariant monotonicity and its
relationships with generalized invexity. We introduce several types of gen-
eralized invariant monotonicities which are generalizations of the (strict)
monotonicity, (strict) pseudomonotonicity, and quasimonotonicity reported
in Ref. 10. The main purpose of this paper is to establish relations among
generalized invariant monotonicities and generalized invexities. Note that
the conditions assumed in this paper are different from those assumed in
Refs. 14-15. Several examples are given to show that these generalized
invariant monotonicities are proper generalization of the corresponding
generalized monotonicities. Moreover, some examples are also presented to
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illustrate the properly inclusive relations among the generalized invariant
monotonicities.

2. Invariant Monotone Maps and Strictly Invariant Monotone Maps

Let T" be a nonempty subset of R”, let 1 be a vector-valued function
from X x X into R"(X cR"), and let F be a vector-valued function from I"
into R".

Definition 2.1. See Refs. 3-4. A set I is said to be invex with respect
to n if there exists an 7: R"xR"—R" such that, for any x, yeI' and
Ael0, 1],

y+An(x, y)erl.

Definition 2.2. See Ref. 10. F is said to be monotone on I if, for every
pair of points x, yeT,

(v =" (F(») — F(x)=0.

Definition 2.3. Let I" be an invex set with respect to 1. F is said to be
invariant monotone on I' with respect to n if, for every pair of points
x,yel,

nx, ) F(y)+n(y, ) F(x)=0.

Remark 2.1. Every monotone map is an invariant monotone map
with n(x, y) = y — x, but the converse is not necessarily true.

Example 2.1. Let F and 1 be maps defined by
F(x)=(1+cosx;, 1+cosx,), x=(x1,x)€(0, /2)x (0, 7/2),

N(x,y) =[(sin x; —sin y;)/cos yy, (sin x, —sin y,)/cos y,],
x,ye(0,m/2)x[0, m/2).

Clearly, F is invariant monotone with respect to 7. Let

x=(n/4,1m/4), y=(m/6,m/6).
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Then,
(v =% [F(y) = F(x)] = ~(1/6)(v/3/2 = 2/2) <0.
Thus, F is not monotone.
Definition 2.4 Sec Refs. 3-4. Let the set I be invex with respect to 1,

and let n: Xx X—>R be a vector-valued function. The function f: T >R is
said to be preinvex with respect to 1 if

S +Anx, ) =A/(x)+(1=2) f(y),
Vx,yeTl and A€]0, 1]. (1)

The function f is said to be strictly preinvex with respect to 1 if (1) holds
with strict inequality for any pair of distinct points x and y and for
Ae(0,1).

Assumption A. Let the set I' be invex with respect to 71, and let
f:T'—>R. Then,

S +n(x,y)=f(x), foranyx,yel.

Remark 2.2. Assumption A is just the inequality of the definition of
preinvexity with A =1.

Assumption C. See Ref.6. Let n1: X x X—>R". Then, for any x, ye R"
and for any A€[0, 1],

N,y +An(x, y)) = -An(x, ),
n(x, y +An(x, y) = (1 = )n(x, y).

Remark 2.3. We will show that Assumption C holds if
n(x, y)=x=y+o(|lx—yl.

In fact, the following two equalities hold:

@ 1.y +An(x, )
=1, y+A(x=y+o(lx-yl)
=-Ax=y+o(lx=y)+o@llx=-y+odlx=yMI
==Alx=y+o(lx=ylh+o(lx=y+olx=-yDIDI
=—Alx—y+o(lx=yID]
==An(x, y);
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i) n(x, y+An(x, y)
=n(x,y+A(x =y =o(lx =yl
=x=y+Ax=y+o(lx =yl +olllx =y +A(x =y +ollx =)
=x=y+2A(x=y+o(lx=yl))+o(lx =yl
= (1 =) =y +o(llx =l
= (1 =)n(x, p).
Thus, Assumption C holds when we take

nex, y) = x =y +o(|lx = yl)).

Example 2.2. Let

f=-x, VxeK=[-2,2],
and let
X—, if x= 0, y=0,
(S IR
2-y, if x=< 0, y>0.

Then, it is easy to verify that f'is invex with respect to n on K and that f
and n satisfy Assumptions A and C. However, fis not convex.

The following theorem shows that the preinvexity of a function is
equivalent to the invariant monotone property of its gradient. This is a
generalization of the convexity of a function and the monotonicity of its
gradient obtained in Ref. 16.

Lemma 2.1. Let f be differentiable on an open set containing I'. If f
is invex with respect to 7, then Vf'is an invariant monotone with respect to

n.

Proof. The proof follows readily from the definitions of invexity and
invariant monotonicity. O

Theorem 2.1. Let fand n satisfy respectively Assumption C, and let f
be differentiable on I'. Then, f'is a preinvex function with respect to n on I
if and only if Vf'is invariant monotone with respect to 11 on I and f'satisfies
Assumption A.
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Proof. Suppose that f is preinvex on I' with respect to 7n. First,
Assumption A is just inequality (1) with A =1. Next, by Ref. 5 and Lemma
2.1, it follows that Vf'is invariant monotone with respect to 11 on T.

Conversely, suppose that Vf is invariant monotone with respect to 1
on I'. Assume that f is not preinvex with respect to 1 on I'. Then, there
exist x, yeI such that

SO+ ) > A f(0)+ 1 =21) f(),
for some 1€ (0, 1). By Assumption A,
SO+, ) > A f(v+n(x, )+ A =21) (),
for some A€(0, 1). That is,
A +2An(x, ) =f + 0 DI+ A =) [+ An(x, ) = ()] >0
By the mean-value theorem, we have
AL =Dn(x, ») V(@ +Aim(x, )
+(1 = )An(x, »)" Vf(y+ 221m(x, ) >0, 2)
where
0<A,<A<A <l
From (2), we obtain
—n(x, )"V +2mex, )+ n(x, ») Vi + Aan(x y) >0 (3)
By Assumption C, it follows that
N+ 2Axn(x, y), y + 21n(x, y))
=N+ 2A2n(x, ), y + A21(x, p) + (A = A)N(x, )
=N+ A21(x, 1), ¥+ 22n(x, 3) + (A = 42)/(1 = 2)In(x, y + A21(x, 1))
=41 = A2)/(1 = A2)In(x, y + A2n(x, y))
= (A2=A)n(x, y), (4a)
n+Ain(x, y), y + 22n(x, y))
=0y +24in0x, ), y+ 2 1(x, ») = (A1 = A)N(x, )
=0+ A4inx, p), y+ 210 9) + 10,y + (A = A)n(x, )
=0, y+ A = 22n(x, )
= (A1 = A)n(x, p). (4b)
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Multiply (3) by A, —A,. Then, by (4), we have
Ny +A2n(x, ), y+ A n(x, ») VA + 2in(x, y))
+n(y+Ain(x, ), y+ A2n(x, ) V(¥ + A21(x, ) > 0,

which contradicts the invariant monotonicity with respect to 1 of V. O
Definition 2.5. See Ref.10. F is said to be strictly monotone on T if,
for every pair of distinct points x, yeT,
(r=X)TF(y) = F(x)]>0.
Definition 2.6. Let I" be an invex set with respect to 7. F is said to be

strictly invariant monotone with respect to 11 on I if, for every pair of
distinct points x, yeT,

nex, ) 'F(y)+n(y, x) F(x) <0.

Remark 2.4. Every strictly monotone map is a strictly invariant
monotone map with n(x, y) = y — x, but the converse is not necessarily true.

Example 2.3. Define the maps F and n as

F(x)=(-1-sinx;,—1 —sin x»), xe (0, /2)x (0, /2),
N(x, y) = [(cos y; —cos x1)/sin y;, (cos y, — cos x,)/sin y,],
x, e (0, /2)x (0, 7/2).
Clearly, F is strictly invariant monotone with respect to 7. Let
x=(m/6,7/6), y=(n/4,1/4).
Then,
(v =) TF(y) — F)] = (/6) (1 - v2)/2<0.
Thus, F is not strictly monotone.

Remark 2.5. Every strictly invariant monotone map is an invariant
monotone map with respect to the same 7, but the converse is not necessar-
ily true.

Example 2.4. Define the maps F and n as

F(x) = (—cos x;, —C0S x,), xe(-n/2, w/2)x (-n/2, /2),
N(x, y) = [(sin x; —sin y;)/cos y1, (sin x, —sin y,)/cos y,],
x,ye(-n/2, w/2)x (- /2, &/2).
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Clearly, F is invariant monotone with respect to 1. However,

r,(y9 X)TF(}’)"‘T?(X’J’)TF(X):O» X»)’E(—”/za 77,'/2)
Thus, F is not strictly invariant monotone with respect to the same 7.
Theorem 2.2. Let f and 7 satisfy Assumption C respectively. Then, f
is a strictly preinvex function with respect to 11 on T" if and only if Vf is

strictly invariant monotone with respect to 11 on I" and f satisfies Assump-
tion A.

Proof. The proof is similar to that given for Theorem 2.1 and hence
is omitted. O

3. Invariant Quasimonotone Maps
Definition 3.1. See Ref. 10. A map F is quasimonotone on a set I" of
R" if, for every pair of distinct points x, yeT,
(y—x)"F(x)>0 implies (y—x)"F(y)=0.
Definition 3.2. Let I" of R” be an invex set with respect to 1. A map

F is invariant quasimonotone with respect to the same n on T if, for every
pair of distinct points x, yeT, there exists : R" x R" —R" such that

Ny, x)"F(x)>0 implies 1(x, )" F(y)=0.
Remark 3.1. Every quasimonotone map is an invariant quasimono-
tone map, but the converse is not necessarily true.
Example 3.1. Define the maps F and n as
F(x) = (sin *x; cos X1, sin >x>c0S X»), xe[0, 7] x [0, 7],
n(x, y) = [cos y;(sin x; —sin y;), cos y,(sin x, — sin y,)],
x, yel0, ] x [0, «].
Clearly, F is invariant quasimonotone with respect to 7. Let
x=0Bn/4,3n/4), y=(n/4,n/4).
Then,
(y=x)"F(x)=2r/4,  but(y—x)"F(y)=--2n/4<0.

Thus, F is not quasimonotone.
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Definition 3.3. See Ref. 5. Let I" of R” be an invex set with respect to
n. A function f'is prequasiinvex with respect to the same n on T if, for all
x,yel,Ae(0, 1],

S =/(x) implies f(y+An(x,y)=/(x).

Lemma 3.1. See Ref. 6. Let " of R” be an invex set with respect to 1,
and let 1 satisfy Assumption C. Then, a differentiable function f'is prequasi-
invex with respect to 11 on I' if and only if, for every pair of points
x, yeT,

f()=f(x) implies n(y,x)"Vf(x)=0. 5

Theorem 3.1. Let I" of R” be an invex set with respect to 1, and let f
be a differentiable function on T'. If f'and 1 satisfy Assumption C, then f'is
prequasiinvex with respect to the same 1 on I' if and only if Vfis invariant
quasimonotone with respect to the same 1 on I" and, for all x, yeT,

(B) f(=f(x) implies f(y+n(x,y)=f(x).

Proof. Suppose that f'is prequasiinvex with respect to n. It is obvious
that Inequality (B) is true. Let x, yeI" be such that

n(y, 0)Vf()> 0. ©)
Then, we have

f0)> (0.
By (5), f(x)<f(y) implies that

n(x )" V() =0.

This shows that Vf'is invariant quasimonotone with respect to the same 7.

Conversely, suppose that Vf is invariant quasimonotone with respect
to 1. Assume that f'is not prequasiinvex with respect to the same 7. Then,
there exist x, yeI such that

S =f(x);

furthermore, there exists a A€ (0, 1) such that

S +2An(x, ) > f() =) W)
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By the mean-value theorem, there exist A,,4,€(0, 1) such that

F+An(x, y) —f(y+n(x, )

= (A =D, ») VA +2im(x, ), ®)

S +2An(x, ») =) = An(x, 1) VI + Aan(x, ), )

0<A, <A<, <1 (10)
Then, from (7)—(10) and Inequality (B), we have

nex, ) VA +An(x, ) <0, )

nex, ») VA +A:n(x, ) > 0. (12)

From Assumption C, we have

Ny +2A21n(x, p), y + A n(x, »))

=N+ 2A20(x, 3), y+ A2M(x, y) + (A = A2)0(x, p)

=N +2A.n(x, ),y + A:1(x, y)

+[(A1 = 2A2)/(1 = A)In(x, y + A2 1(x, »)))

=41 = 22)/(1 = A)In(x, y + A>n(x, )

= (A2 —A)n(x, y), (13)

Ny +2411n(x, ), y+ A21(x, p))

=N +Anx, ), y+A4n(x, y) = (A = A2)1(x, )

=N+, p), y+ A0, ) + 00,y + (A = A)N(x, »)))

=-n(y, y+ (4 —A2n(x, )

= A1 = A)N(x, y). (14)
Then, by (11)—(14), it follows that

N+ 2A21(x, ), y + Ain(x, ) Vf(y +Ain(x, ) >0,

N +241m(x, ), y + Aan(x, ) VA(y + A2n(x, ) > 0.

These two inequalities contradict the invariant quasimonotonicity of Vf. [

4. Invariant Pseudomonotone Maps

Definition 4.1. See Ref. 10. Let TcR". F:T'>R" is said to be pseudo-
monotone on I if, for every pair of distinct points x, yeT,

(y—x)"F(x)=0 implies (y—x)"F(»)=0.
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Definition 4.2. Let I" of R” be an invex set with respect to 1. Then,
F:T—R" is said to be invariant pseudomonotone with respect to 1 on T’
of R™ if, for every pair of distinct points x, yel,

Ny, »)"F(x)=0 implies n(x, )" F(y)=0.
Definition 4.3. Ref. 2. A differentiable function f on a subset I" of R”

is pseudoinvex with respect to 17 on I' if, for every pair of distinct points
x,yerl,

n(y, x)"Vf(x)=0 implies /f(»)=/(x).

Remark 4.1. Every pseudomonotone map is an invariant pseudo-
monotone map with 7n(x, y) = y — x, but the converse is not necessarily true.

Example 4.1. Define the maps F and n as

F(x,, x5) = (1, cos xz), X1, x2)€(-n/2, m/2),

n(x, y) = [sin x; —sin y;, (sin x, —sin y,)/cos y,],

x = (1, X2), Y= y)e-n/2,1/2).

Clearly, F is invariant pseudomonotone with respect to 7. Let

x=(x/3,0), y=(m/6,m/6).
Then,

(y=0"F(x)=0 and (y-x)"F(y)=(n/6)(¥3/2-1)<0.
Thus, F is not pseudomonotone.

Remark 4.2. Every invariant monotone map is an invariant pseudo-
monotone map with respect to the same 7, but the converse is not necessar-
ily true.

Example 4.2. Define the maps F and 7 as

F(x) = cos *x, xe(-m/2,m/2),
N(x, y) = cos y —cos x, x,ye(-n/2, m/2).

Clearly, F is invariant pseudomonotone with respect to 11 on (-7/2, ©/2).
Let

x=-m/6, y=m/4.
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Then,
Ny, ) F(x) +n(x, ) 'F(y)>0.
Thus, F is not invariant monotone with respect to 1 on (—x/2, 7/2).
Remark 4.3. Every invariant pseudomonotone map is an invariant
quasimonotone map with respect to the same 1 but the converse is not true.
Example 4.3. Define the maps F and 1 as
F(x) = sin *x cos x, xel0, ],
n(x, y) =cos y (sin x —sin y), x, y€[0, x].
Clearly, F is invariant quasimonotone with respect to 7. Let
x=m/2, y=mn/4
Then,
N, ) Fx)=0,  butn(x,») F(y)>0.

Thus, F is not invariant pseudomonotone with respect to 7.

It is well known that every pseudoconvex function is quasiconvex. This
result can be generalized to the invex-type function. The details are given in
the following lemma.

Lemma 4.1. Let f'and n satisfy Assumption C. Assume that the differ-
entiable function f is pseudoinvex with respect to 11 on an invex set I" of
R" and that, for all x, yeT,

B) f()=f(x) implies f(y+n(x,y)=/(x).
Then, f'is prequasiinvex with respect to the same 1 on I'.
Proof. Suppose that f'is pseudoinvex with respect to 1 on I'. Assume

that f'is not prequasiinvex with respect to 1. Then, there exist x, yeT such
that

J)=7(y);
furthermore, there exists a A€ (0, 1) such that, for x =y + An(x, y),
J®)>f()=f(x).

From Inequality (B) and the above inequalities, there exists
F=y+A*n(x,y), for some A*€(0, 1), such that

S = g{gf}f (v +An(x, »)).
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Then, it follows that
nex, »)" VA7) =0.
From Assumption C, we have
n(xa.f):(l _;L*)n(an’)a n(yay):_/l*n(xay)
Hence,
nex, ) V@) = (1 =2*)n(x, )" V/(7) = 0.
Since f'is pseudoinvex with respect to 7, it holds that
S =f(x),
which is a contradiction. Thus, f'is prequasiinvex with respect to 7. O
Theorem 4.1. Let I" of R” be an open invex set with respect to 1, let f
be differentiable on I' of R”, and let fand 7 satisfy Assumptions A and C

respectively. Then, f is pseudoinvex with respect to n on I' if and only if
Vfis invariant pseudomonotone with respect to n on I'.

Proof. Suppose that f is pseudoinvex with respect to 1 on I'. Let
x,yel, x #y, be such that

n(x, )" Vf(y)=0.
We need to show that

N, )" Vf(x)=0.

Assume the contrary, i.e.,

N, x)" Vf(x)>0. 15)
By the pseudoinvexity of f with respect to 1, we have
SO =f(x). (16)

From Lemma 4.1, every pseudoinvex function is also prequasiinvex with
respect to the same 1. It follows from (16) and Lemma 3.1 that

Ny, x)"Vf(x)=0,

which contradicts (15). Therefore, Vf is invariant pseudomonotone with
respect to 1.

Conversely, suppose that Vf is invariant pseudomonotone on I'. Let
x,yel, x #y, be such that

n(x, »)"Vf(y)=0. (17
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We need to show that

J)=/(y).
Assume the contrary, i.e.,

S <f(). (18)
By the mean-value theorem, we have

S +n0, ) =) =10, ) VI +Antx, »), 19)
for some A€ (0, 1). By Assumptions A and C, it follows that

S +n(x, y)=/(x), (20)

N, y+2An(x, ») = -An(x, y). 21)
Now, from (18)—(21), we have

N, y+2an(x, ») V/(y+An(x, y)) > 0. (22)

Since Vf is invariant pseudomonotone with respect to 7, it follows from
(22) that

n(y+An(x, ), »" V() <0.
From Assumption C, we have
nex, »)"Vf(y) <0,

which contradicts (17). Hence, f'is pseudoinvex with respect to 7. O

5. Strictly Invariant Pseudomonotone Maps

Definition 5.1. See Ref. 10. A map F is strictly pseudomonotone on a
set " of R" if, for every pair of distinct points x, yeT,

(y—x)"F(x)=0 implies (y—x)"F(y)>0.
Definition 5.2. Let I" of R” be an invex set with respect to 1. A map

F is strictly invariant pseudomonotone with respect to 1 on I if, for every
pair of distinct points x, yeT,

N, ) F(x)=0 implies n(x, )" F(y)<0.
Remark 5.1. Every strictly pseudomonotone map is a strictly

invariant pseudomonotone map with n(x, y) = y — x, but the converse is not
necessarily true.
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Example 5.1. Define the maps F and n as
F(x) =sin x + cos Xx, xe(0, m),
N(x,y)=(siny+cosy)(cosx—cosy),  x,ye(0, ).

Clearly, F is strictly invariant pseudomonotone with respect to 11 on (0, 7).
Let

x=3m/4, y=mn/4
Then,

(y—x)TF(x)=0, but(y—x)"F(y)=-n+2/2<0.
Thus, F is not strictly pseudomonotone on (0, 7).

Remark 5.2. Every strictly invariant monotone map is a strictly
invariant pseudomonotone map with respect to the same 1, but the converse
is not necessarily true.

Example 5.2. Define the maps F and 7 as

F(x)=sin x cos x, xe (0, /2),
N(x, y) = sin x cos x (Cos X —cos y), x,ye(0,/2).

Clearly, F is strictly invariant pseudomonotone with respect to 1 on
(0, £/2). However,

n(x, ») F(y)+n(y, x)"F(x) = 0.
Thus, F is not strictly invariant monotone with respect to 11 on (0, 7/2).
Remark 5.3. Every strictly invariant pseudomonotone map is
invariant pseudomonotone with respect to the same 1 map, but the converse
is not necessarily true.
Example 5.3. Define the maps F and n as
F(x) = sin x cos *x, xe(-mw/2, m/2),
N(x, y) = sin y(cos y — cos x), x,ye(-n/2, m/2).

Clearly, F is invariant pseudomonotone with respect to 1 on (-7/2, ©/2).
Let

x=-m/6, y=m/6.
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Then,
N, x)'F(x)=0 and n(x,») F(y)=0.

Thus, F is neither strictly invariant pseudomonotone nor strictly invariant
monotone with respect to the same 1 on (—7/2, 7/2).

Definition 5.3. See Ref 2. Let T" of R” be an open invex set with respect
to 1. A differentiable function f on T is strictly pseudoinvex with respect to
n on I' if, for every pair of distinct points x, yeT,

Ny, x)"VA(x)=0 implies f(»)> /().

Theorem 5.1. Let I" of R” be an open invex set with respect to 1, and
let / be differentiable on I'. If f and n satisfy Assumptions A and C respect-
ively, then f'is strictly pseudoinvex with respect to n on I if and only if Vf
is strictly invariant pseudomonotone with respect to 11 on T.

Proof. Suppose that f'is strictly pseudoinvex with respect to n on T
Let x, yeT, x #y, be such that

N, x)"Vf(x)=0. (23)
We need to show that
nex, »)" V() <0.
On the contrary, we assume that
nex, »)" V() =0.
From the strict pseudoinvexity of f with respect to 1, it follows that
J)>f(y). 24

On the other hand, from the strict pseudoinvexity of f with respect to 1,
(23) implies that

S >f(x),

which contradicts (24).
Conversely, suppose that Vf is strictly pseudoinvex with respect to n
on C. Let x, ye C, x #y, be such that

n(y, x)"Vf(x)=0. (25)
We need to show that
SO >f(x). (26)
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On the contrary, we assume that

JO)=f(x). 27
By the mean-value theorem, we have

S+, x) —f(x) = n(p, )" Vf(x+ An(y, x)), (28)
for some 0 <2 < 1. By Assumption A,

Sx+n(y, x)=f»). (29)

Now, from (26)—(29) and Assumption C, we have
nex, x+An(y, X)) VAx+An(p, x)
=-An(y, )" Vf(x + An(y, x)) =0. (30)

Since Vf'is strictly invariant pseudomonotone with respect to 7, we conclude
that

n(x+An(y, x), x)" Vf(x) <0. (1)
Again, from Assumption C, we note that

n(x +An(y, x), x)

=N+ ANy, X), X+ An(p, x) + n(x, x + AN(y, X))

= _n(xa X+ Z’n(ys X))

=An(y, x).

Thus, it follow from (31) that

Ny, x)"Vf(x) <0,

which contradicts (25). (]

6. Conclusions

In this paper, we have introduced various concepts of generalized
invariant monotonicities and established their relations with generalized
invexities. The following Diagram 1 summarizes these relations, where
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= means that the implication relation holds and ¢ means that the impli-
cation relation does not hold.

invariant — invariant - invariant
monotonicity ¥— pseudomonotonicity ¥— quasimonotonicity

I I

strict invariant monotonicity &= strict invariant pseudomononicity

For the generalized invexities of a real-valued function, the relations in
Diagram 2 hold:

preinvexity &= pseudoinvexity &= quasiinvexity

I I

strict preinvexity < strict pseudoinvexity

We conclude that, under Assumptions A and C, the generalized invexity
in Diagram 2 and the corresponding generalized invariant monotonicity in
Diagram 1 are equivalent.
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